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Abstract. The problem of Aharonov–Bohm (AB) scattering on two parallel flux lines of the
same magnitude is solved by the method of path integration.

1. Introduction

We have already derived the AB scattering cross section by the method of directly solving the
Schr̈odinger equation for the case of two parallel magnetic flux lines of the same magnitude
[1, 2]. We also gave a comment on the criticism of this method of calculation [3], showing
the correctness of our calculation. In this paper we shall rederive the above result by the
path integral method. This calculation shows the powerfulness of the path integral method
and the correctness of our previous calculation about this problem. In section 2 we obtain
the radial propagator in elliptic cylindrical coordinates by the polygonal paths approach.
In section 3 we give the complete propagator for this case. In section 4 we obtain an
expression for the propagator in the region far from the magnetic flux lines. In section 5
we give the expression for an incident plane wave in elliptic cylindrical coordinates. In
section 6 we derive the expression for the wavefunction in the region far from the magnetic
flux lines, this expression is the same as that obtained in [1, 2] and hence we obtain the
same expression for the AB scattering cross section as before.

2. The radial propagator in elliptic cylindrical coordinates

The propagator

K(x′′, t ′′|x′, t ′) =
∫

exp

{
i

h̄
S[x(t)]

}
D[x(t)] (1)

represents the quantum mechanical transition amplitude for a particle to be found at position
x ′′ at timet ′′ given that the particle was at positionx ′ at an earlier timet ′. WhereS[x(t)] is
the classical action andD[x(t)] represents the measure of path integration. In the discrete
form in rectangular coordinates
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0305-4470/97/041273+13$19.50c© 1997 IOP Publishing Ltd 1273



1274 Shang-Wu Qian et al

exp

[
i

h̄
S

]
= exp

[
i

h̄

N∑
j=1

S(xj , xj−1)

]

= exp

[
i

h̄

N∑
j=1

{
m

2ε
[(xj − xj−1)

2+ (yj − yj−1)
2] − εV (xj , yj )

}]
. (2)

Firstly we use elliptic cylindrical coordinates(µ, θ)

x = a coshµ cosθ, y = a sinhµ sinθ (3)

to evaluate the radial propagator (along the direction of the unit coordinate vectoreµ) by
the polygonal paths approach. Substituting (3) into (2), using the formula

exp(u cosθ) =
∞∑

l=−∞
exp(ilθ)Il(u) (4)

whereIl(u) is the modified Bessel function, assuming the potential termV to be cylindrically
symmetric and taking sinθj ≈ sinθj−1, we obtain

exp

[
i

h̄

N∑
j=1

S(µj , µj−1)

]
=

N∏
j=1

∞∑
l=−∞

exp[il(θj − θj−1)]

× exp

{
ima2

εh̄
sin2 θj [1− cosh(µj − µj−1)]

}
Rl(µj , µj−1) (5)

where

Rl(µj , µj−1) = exp

[
ima2

2εh̄
(cosh2µj + cosh2µj−1)− iε

h̄
V (µj )

]

×Il
(
ma2

iεh̄
coshµj coshµj−1

)
. (6)

Noting that the area element

dxj dyj = a2(cosh2µj − cos2 θj ) dµj dθj (7)

using (5)–(7) to rewrite (1) and interchanging the order of the multiplication symbol
∏

and
the summation symbol

∑
, we get

K = lim
N→∞

KN (8)

where

KN = BN
∑
l1,...lN

∫ ∫ N∏
j=1

{
exp[ilj (θj − θj−1)] exp

(
ima2

εh̄
sin2 θj [1− cosh(µj − µj−1)]

)}

×Rlj (µj , µj−1)

N−1∏
j=1

a2(cosh2µj − cos2 θj ) dµj dθj (9)

and

BN =
(−iβ

2π

)N
β = m

εh̄
. (10)
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Integrating (9) with respect toθj (j = 1, 2, . . . , N − 1), we can rewrite (9) as

KN = BN
∑
l1,...,lN

∫
exp

{
ima2

εh̄
sin2 θN [1− cosh(µN − µN−1)]

}

×
N∏
j=1

Rlj (µj , µj−1)

N−1∏
j=1

Iµj dµj (11)

where

Iµj = ei(lN θN−l1θ0)

∫ N−1∏
j=1

exp[iθj (lj − lj+1)] exp

{
ima2

εh̄
sin2 θj [1− cosh(µj − µj−1)]

}
×a2(cosh2µj − cos2 θj ) dθj . (12)

Taking θN = θ ′′, θ0 = θ ′ and considering [1− cosh(µj −µj−1)] as a small quantityδ, then
expanding the exponential terms, we obtain

Iµj = ei(lN θ ′′−l1θ ′)
∫ N−1∏

j=1

exp[iθj (lj − lj+1)]

×
{

1+ ima2

εh̄
sin2 θj [1+ cosh(µj − µj−1)] +O(δ2)

}
×a2(cosh2µj − cos2 θj ) dθj . (13)

In order to do the above integration, we quote the following formulae:∫ 2π

0
eikθj dθj = 2πδk,0∫ 2π

0
eikθj cos2 θj dθj = 2π

(
1
2δk,0+ 1

4δk,2+ 1
4δk,−2

)
∫ 2π

0
eikθj sin2 θj cos2 θj dθj = 2π

(
1
8δk,0− 1

16δk,4− 1
16δk,−4

)
where

δa,b =
{

1 whena = b
0 whena 6= b.

(14)

From (14) we can see that the non-zero terms appear only whenk = 0,±2,±4. Taking

l1 = l lj − lj+1 = kj = k (j = 1, 2, . . . , N − 1) (15)

we get

ei(lN θ ′′−l1θ ′) = eil(θ ′′−θ ′)
N−1∏
j=1

e−ikj θ ′′ . (16)

Substituting (14)–(16) into (13) we get

Iµj =
N−1∏
j=1

2πa2

{
cosh2µj − 1

2
− 1

4
(ei2θ ′′ + e−i2θ ′′)+O(δ2)+ ima2

εh̄
[1− cosh(µj − µj−1)]

×
[

cosh2µj

(
1

2
− 1

4
ei2θ ′′ − 1

4
e−i2θ ′′

)
− 1

8
+ 1

16
(ei4θ ′′ + e−i4θ ′′)

]}
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= (2π)N−1
N−1∏
j=1

{
1+ ima2

εh̄
sin2 θ ′′[1− cosh(µj − µj−1)] +O(δ2)

}
×a2(cosh2µj − cos2 θ ′′). (17)

Considering thatδ is a small quantity, we can return the terms in the curly bracket of
(17) to the exponential form. Substituting the obtained result into (11), considering that∏N
j=1Rlj (µj , µj−1) can be rewritten as

∏N
j=1Rl(µj , µj−1) after interchanging the order of

the summation symbol and multiplication symbol, we can write
∑

l1,...,lN
as
∑

l , thus we
obtain

KN = (2π)N−1BN
∑
l

eil(θ ′′−θ ′)
∫ N∏

j=1

Rl(µj , µj−1)

× exp

{
ima2

εh̄
sin2 θ ′′[1− cosh(µj − µj−1)]

}
×
N−1∏
j=1

a2(cosh2µj − cos2 θ ′′) dµj . (18)

Substituting (18) into (8) and takingµN = µ′′, µ0 = µ′, we get

K = lim
N→∞

KN =
∞∑

l=−∞
Kl(µ

′′, t ′′, µ′, t ′) exp[il(θ ′′ − θ ′)] (19)

whereKl is the required radial propagator

Kl = lim
N→∞

(2π)N−1BN

∫ N∏
j=1

Rl(µj , µj−1) exp

{
ima2

εh̄
sin2 θ ′′[1− cosh(µj − µj−1)]

}

×
N−1∏
j=1

a2(cosh2µj − cos2 θ ′′) dµj . (20)

3. The complete propagator

Imposing the constraint∫ t ′′

t ′
dt θ̇ = φ = θ ′′ − θ ′ + 2πn (n = 0,±1,±2, . . .) (21)

we obtain the constrained propagator

Kφ =
∫
δ

(
φ −

∫ t ′′

t ′
dt θ̇

)
exp

[
i

h̄

∫ t ′′

t ′
L dt

]
D[E(t)]

=
∫

1

2π

∫
dλ exp

{
iλ

(
φ −

∫ t ′′

t ′
dt θ̇

)}
exp

[
i

h̄

∫ t ′′

t ′
L dt

]
D[E(t)]

= 1

2π

∫
dλ exp(iλφ)Kλ(µ

′′, t ′′|µ′, t ′) (22)

whereE(t) denotes the path of the particle in elliptic cylindrical coordinates, and

Kλ(µ
′′, t ′′|µ′, t ′) =

∫ ∫
exp

[
i

h̄

∫ t ′′

t ′
dt (L− λh̄θ)

]
a2(cosh2µ− cos2 θ) dµ dθ. (23)
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Using (4)–(6) and the approximate formulae

cos(θj − θj−1)+ αε(θj − θj−1)− 1

4
α2ε2(θj − θj−1)

2 ≈ cos(θj − θj−1− αε)+ 1

2
α2ε2 (24)

Im

(u
ε

)
=
√

ε

2πu
exp

[
u

ε
− (m

2− 1
4)ε

2u
+O(ε2)

]
(25)

we obtain

exp

[
i

h̄

∫ t ′′

t ′
dt (L− λh̄θ̇)

]
=

N∏
j=1

∞∑
l=−∞

exp[il(θj − θj−1)]

× exp

[
ima2

εh̄
sin2 θj [1− cosh(µj − µj−1)

]
Rl+λ(µj , µj−1). (26)

Substituting (26) into (23), discretizing and integrating with respect toθj , we get

Kλ(µ
′′, t ′′|µ′, t ′) =

∞∑
l=−∞

exp[il(θ ′′ − θ ′)]K̃l+λ(µ′′, t ′′|µ′, t ′) (27)

where

K̃l+λ = lim
N→∞

(2π)N−1BN

∫ N∏
j=1

Rl+λ(µj , µj−1) exp

{
ima2

εh̄
sin2 θ ′′[1− cosh(µj − µj−1)]

}

×
N−1∏
j=1

a2(cosh2µj − cos2 θ ′′) dµj . (28)

Substituting (27) into (22) we obtain

Kφ = 1

2π

∫ ∞
−∞

dλ
∞∑

l=−∞
exp[il(θ ′′ − θ ′)+ iλφ]K̃l+λ(µ′′, t ′′|µ′, t ′)

= 1

2π

∫ ∞
−∞

dλ
∞∑

l=−∞
exp[il(θ ′′ − θ ′ − φ)+ iλφ]K̃λ(µ

′′, t ′′|µ′, t ′). (29)

Using the identity
∞∑

k=−∞
exp(ikθ) = 2π

∞∑
n=−∞

δ(θ + 2πn) (30)

to rewrite (29), we get

Kφ =
∞∑

n=−∞
δ(θ ′′ − θ ′ − φ + 2πn)

∫ ∞
−∞

exp(iλφ)K̃λ(µ
′′, t ′′|µ′, t ′) dλ. (31)

The delta function is effective in picking out the homotopic paths with winding numbern.
The complete propagator then takes the form

K(µ′′, t ′′|µ′, t ′) =
∫ ∞
−∞

Kφ dφ =
∞∑

n=−∞
Kn(µ

′′, t ′′|µ′, t ′) (32)

where

Kn(µ
′′, t ′′|µ′, t ′) =

∫ ∞
−∞

exp[iλ(θ ′′ − θ ′ + 2πn)]K̃λ(µ
′′, t ′′|µ′, t ′) dλ (33)
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is the homotopic propagator. Noting that

L = 1

2
mṙ2+ e

c
A · r = 1

2
mṙ2− 2αh̄θ̇ α = −e8

2πh̄c
(34)

(8, magnetic flux) finally we obtain the expression of the complete propagator

K(µ′′, θ ′′, t ′′, µ′, θ ′, t ′) = exp[−i2α(θ ′′ − θ ′)]

×
∞∑

n=−∞
exp[−i4απn]

∫ ∞
−∞

exp[iλ(θ ′′ − θ ′ + 2πn)]K̃λ dλ (35)

where

K̃λ = lim
N→∞

(2π)N−1BN

∫ N∏
j=1

exp

[
ima2

2εh̄
{cosh2µj + cosh2µj−1

+2 sin2 θ ′′[1− cosh(µj − µj−1)]}
]

×Iλ
(
ma2 coshµj coshµj−1

iεh̄

) N−1∏
j=1

a2(cosh2µj − cos2 θ ′′) dµj . (36)

4. Expression of the propagatorK(µ,θ,T ;µ0,θ0, 0) at large distances from two
fluxes

In the region far from two magnetic flux lines we have

µj � 1 sinhµj ≈ coshµj � 1 (37)

hence we can introduce two small quantitiesq1j andq2j ,

q1j = iβa2[cosh(µj − µj−1)− 1] 1− q2j cos2 θ = cosh2µj − cos2 θ

coshµj sinhµj
(38)

and express part of (36) in terms of these quantities as follows:

N∏
j=1

exp{iβa2 sin2 θ [1− cosh(µj − µj−1)]}
N−1∏
j=1

cosh2µj − cos2 θ

coshµj sinhµj

=
N∏
j=1

exp(−q1j sin2 θ)

N−1∏
j=1

(1− q2j cos2 θ) = gN(θ, q). (39)

Taking advantage of (39) and repeatedly using the formula [5]∫ ∞
0

exp[ia0x
2]Iν(−ib0x)Iν(−ic0x)x dx = i

2a0
exp

[ −i

4a0
(b2

0 + c2
0)

]
Iν

(−ib0c0

2a0

)
(40)

we can use the method developed by [4] to rewrite (36) as

K̃λ = 1

2π i
lim
N→∞

aNgN(θ, q)exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)

×Iλ(−iaNa
2 coshµ0 coshµ) (41)

where

aN = β

N
pN = qN = β

2N
. (42)
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Using the formula∫ ∞
−∞

δ(u− φ)f (φ) dφ = f (u) (43)

we can rewrite (35) as

K(µ, θ, T ;µ0, θ0, 0) =
∞∑

n=−∞

∫ ∞
−∞

dφ δ(θ − θ0− φ + 2πn)
∫ ∞
−∞

exp[i(λ− 2α)φ]

× 1

2π i
lim
N→∞

aNgN(θ, q)exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)

×Iλ(−iaNa
2 coshµ0 coshµ) dλ. (44)

Utilizing (30) we obtain from (44)

K =
∫ ∞
−∞

dφ
∫ ∞
−∞

dλ
1

2π

∞∑
m=−∞

exp[im(θ − θ0− φ)+ i(λ− 2α)φ]
1

2π i
lim
N→∞

aNgN(θ, q)

× exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)Iλ(−iaNa
2 coshµ0 coshµ). (45)

Whenλ→ λ+m+ 2, (45) becomes

K = 1

2π

∫ ∞
−∞

exp(iλφ) dφ
∫ ∞
−∞

dλ
∞∑

m=−∞
exp[im(θ − θ0)]

1

2π i
lim
N→∞

aNgN(θ, q)

× exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)Iλ+m+2α(−iaNa
2 coshµ0 coshµ).

(46)

Using the formula

1

2π

∫ ∞
−∞

exp(iλφ) dφ = δ(λ) (47)

applying (43), and completing the integration
∫∞
−∞ δ(λ) . . . dλ, from (46) we get

K(µ, θ, T ;µ0, θ0, 0) =
∞∑

m=−∞
exp[im(θ − θ0)]

1

2π i
lim
N→∞

aNgN(θ, q)

× exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)Im+2α(−iaNa
2 coshµ0 coshµ). (48)

5. Expression of incident plane wave in elliptic cylindrical coordinates

Let τ be the angle between they axis and the wavevectork of the incident wave, then we
can write the wavefunction of the incident wave as

ψinc = exp{ik · r − iαg(θ)} = exp{ik(x sinτ + y cosτ)− iαg(θ)}. (49)

Expressed in elliptic cylindrical coordinates, (49) becomes

ψinc = exp{ika(coshµ cosθ sinτ + sinhµ sinθ cosτ)− iαg(θ)}. (50)

Since for the incident wave the current density should be constant and in thek direction,
hence we have

j = h̄

2im
(ψ∗∇ψ − ψ∇ψ∗)− e

mc
Aψ∗ψ = wk (51)

where

A = 8

πh
eθ [h ≡ a(cosh2µ− cos2 θ)1/2]. (52)
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Substituting (49) into (51) we get

w = h̄k
m

g′(θ) = 2→ g(θ) = 2θ. (53)

Using the above resultg(θ) = 2θ , and considering the condition (37), from (50) we obtain
the following expression for the incident wave in elliptic cylindrical coordinates:

ψ(µ0, θ0, 0) = exp{ika coshµ0 sin(θ + τ)− i2αθ0}. (54)

6. Expression of the wavefunctionψ(µ,θ,T ) at large distances from two fluxes

The wavefunctionψ(µ, θ, T ) is obtained from

ψ(µ, θ, T ) =
∫ ∞

0

∫ π

−π
K(µ, θ, T ;µ0, θ0, o)hµ0hθ0 dµ0 dθ0 (55)

where the metric coefficientshµ = hθ = h = a(cosh2µ − cos2 θ)1/2. At large distances
from two fluxes

hµ0hθ0 dµ0 dθ0 = a2(cosh2µ0− cos2 θ0) dµ0 dθ0 ≈ a2 coshµ0 sinhµ0 dµ0 dθ0

= a coshµ0 d(a coshµ0) dθ0. (56)

Substituting (48), (54) and (56) into (55) we get

ψ(µ, θ, T ) =
∞∑

m=−∞
exp(imθ)

1

i

∫ ∞
0
a coshµ0 d(a coshµ0) lim

N→∞
aNgN(θ, q)

× exp(ipNa
2 cosh2µ0+ iqNa

2 cosh2µ)Im+2α(−iaNa
2 coshµ0 coshµ)

× 1

2π

∫ π

−π
exp[ika coshµ0 sin(θ0+ τ)− i(m+ 2α)θ0] dθ0. (57)

Using (40), (42) and the formula

1

2π

∫ π

−π
exp[−iz cosθ − iνθ ] dθ = Iν(−iz) (58)

neglecting phase factors which are irrelevant tom, and considering

lim
N→∞

gN(θ, q) = g(θ, q) (59)

from (57) we obtain

ψ(µ, θ, T ) =
∞∑

m=−∞
exp

[
im
(
θ + τ + π

2

)]
g(θ, q)Im+2α(−ika coshµ). (60)

From the asymptotic expansion formula 9.7.1 of [6] we have

Im+2α(−ika coshµ) ≈ I (µ) = exp(−ika coshµ)√−2π ika coshµ
(61)

hence we can rewrite (60) as

ψ(µ, θ, T ) = I (µ)
∞∑

m=−∞
exp

[
im
(
θ + τ + π

2

)]
g(θ, q). (62)

Firstly let us calculateg(θ, q). Considering

coshµ0� 1 1µ ≈ 1 (63)
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we have

coshµj = cosh(µ0+ j1µ) ≈ 1
2eµ0+j1µ ≈ 1

2eµ0(1+ j1µ) ≈ 1
2eµ01µ(j + 1)

× sinhµj ≈ 1
2eµ01µ(j − 1). (64)

Substituting (64) into (38) we get

q2j = q

2(j + 1)(j − 1)
= q

4

[
1

j − 1
− 1

j + 1

]
j 6= ±1

(
q = 8

e2µ0(1µ)2

)
.

(65)

Whenj = ±1, we notice that| coshµj − sinhµj | is large enough such that

cosh2µ1− coshµ1 sinhµ1 > cos2 θ → cosh2µ1− cos2 θ

coshµ1 sinhµ1
> 1 (66)

so then from (38) we can see thatq2,±1 must be negative, and we have

q2,±1 ≈ −1

coshµ1 sinhµ1
= −1

cosh(µ0+1µ) sinh(µ0+1µ) ≈
−q
8
. (67)

(65) and (67) can be rewritten as

q2j = q

4

[(
1

j − 1

)
+1

−
(

1

j + 1

)
−1

]
(68)

where(
1

j − 1

)
+1

=


1

j − 1
j 6= +1

0 j = +1

(
1

j + 1

)
−1

=


1

j + 1
j 6= −1

0 j = −1.
(69)

Introducing

q1 = lim
N→∞

N∑
j=1

q1j q2 = lim
N→∞

N−1∑
j=1

q2j (70)

and considering

(1− q2j cos2 θ) ≈ exp(−q2j cos2 θ) (71)

from (59) and (39) we have

g(θ, q) = exp(−q1 sin2 θ − q2 cos2 θ) = 1− q1 sin2 θ − q2 cos2 θ

= 1− q1+ q2

2
+ q1− q2

4
(e2iθ + e−2iθ ). (72)

Substituting (72) into (62) and using the formula
∞∑

m=−∞
exp

[
im
(
θ + τ + π

2

)]
ameilθ =

∞∑
m=−∞

exp
[
im
(
θ + τ + π

2

)]
am−l (73)

we can rewrite the summation term on the right-hand side of (62) as
∞∑

m=−∞
exp

[
im

(
θ + τ + π

2

)]
g(θ, q) =

∞∑
m=−∞

exp

[
im

(
θ + τ + π

2

)]

×
{

1− q1+ q2

2
+ q1− q2

4
2

}
=

∞∑
m=−∞

exp

[
im

(
θ + τ + π

2

)]
{1− q2}. (74)
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Substituting (68) into (70) we get

q2 = lim
N→∞

N−1∑
j=1

q

4

[(
1

j − 1

)
+1

−
(

1

j + 1

)
−1

]
. (75)

When we substitute (75) into (74) we find that the main contribution comes from the term
j = m (see the appendix), hence we can write (75) as

q2 = q

4

[(
1

m− 1

)
+1

−
(

1

m+ 1

)
−1

]
. (76)

Substituting (76) into (74) and using (73) we obtain
∞∑

m=−∞
exp

[
im

(
θ + τ + π

2

)]
g(θ, q) =

∞∑
m=−∞

exp

[
im

(
θ + τ + π

2

)]
×
{

1− q
4

[(
1

m− 1

)
+1

−
(

1

m+ 1

)
−1

]}
=

∞∑
m=−∞

eim(τ+π/2)
{

eimθ − q
4

ei(m+2)θ

(m+ 2)− 1
+ q

4

ei(m−2)θ

(m− 2)+ 1

}

=
∞∑

m=−∞
eim(τ+π/2)

{
eimθ − q

4

[
ei(m+2)θ

(
1

m+ 1

)
−1

− ei(m−2)θ

(
1

m− 1

)
+1

]}
.

(77)

Using the formulae [7]

ceν(θ, q) = cosνθ − q
4

[
cos(ν + 2)θ

ν + 1
− cos(ν − 2)θ

ν − 1

]
+O(q2)

seν(θ, q) = sinνθ − q
4

[
sin(ν + 2)θ

ν + 1
− sin(ν − 2)θ

ν − 1

]
+O(q2) (78)

and noting that

ce−ν(θ, q) = ceν(θ, q) se−ν(θ, q) = −seν(θ, q) (79)

whenν = ±1 we have

ce±1(θ, q) = cosθ − q 1
8 cos 3θ +O(q2)

se±1(θ, q) = ±
(
sinθ − q 1

8 sin 3θ
)+O(q2). (80)

Neglecting O(q2) and substituting (78)–(80) into (77) we get
∞∑

m=−∞
exp

[
im

(
θ + τ + π

2

)]
g(θ, q) =

∞∑
m=−∞

eim(τ+π/2){cem(θ, q)+ isem(θ, q)}. (81)

Substituting (81) into (62) we obtain

ψ(µ, θ, T ) =
∞∑

m=−∞
{cem(θ, q)+ isem(θ, q)}eim(τ+π/2)I (µ). (82)

Substituting (61) into (82) we have

ψ(µ, θ, T ) =
∞∑

m=−∞
eim(τ+π/2)[Im+2α(−ika coshµ)+O(q)]{cem(θ, q)+ isem(θ, q)}. (83)
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Using (79) and the formula

Iν(x) = e−νπ i/2Jν(xeπ i/2) (84)

from (83) we get

ψ(µ, θ, T ) =
∞∑
m=0

e−iαπ+imτ [Jm+2α(ka coshµ)+O(q)]{cem(θ, q)+ isem(θ, q)}

+
∞∑
m=1

(−1)meiαπ−imτ [Jm−2α(ka coshµ)+O(q)]{cem(θ, q)− isem(θ, q)}.(85)

Using the asymptotic relation

Jm±2α(kρ) = 1
2e∓iαπ [Jm(kρ)+ iYm(kρ)] + 1

2e±iαπ [Jm(kρ)− iYm(kρ)] (86)

and considering that at large distances from the fluxes

ρ ≈ a coshµ φ ≈ θ (87)

we can rewrite (85) as

ψ = { 12(e−i2απ + 1)[J0(kρ)+O(q)] + 1
2i(e−i2απ − 1)[Y0(kρ)+O(q)]}ce0(θ, q)

+
∞∑
n=1

{2 cos(2πτ − απ) cos(απ)[J2n(kρ)+O(q)]

+i2 sin(2nτ − απ) sin(απ)[Y2n(kρ)+O(q)]}ce2n(θ, q)

+
∞∑
n=0

{i2 sin[(2n+ 1)τ − απ ] cos(απ)[J2n+1(kρ)+O(q)]

+2 cos[(2n+ 1)τ − απ ] sin(απ)[Y2n+1(kρ)+O(q)]}ce2n+1(θ, q)

+
∞∑
n=0

{i2 cos[(2n+ 1)τ − απ ] cos(απ)[J2n+1(kρ)+O(q)]

−2 sin[(2n+ 1)τ − απ ] sin(απ)[Y2n+1(kρ)+O(q)]se2n+1(θ, q)

+
∞∑
n=0

{−2 sin[(2n+ 2)τ − απ ] cos(απ)[J2n+2(kρ)+O(q)]

+i2 cos[(2n+ 2)τ − απ ] sin(απ)[Y2n+2(kρ)+O(q)]se2n+2(θ, q). (88)

Since at large distances

Cel(µ, q)/p
′
l → Jl(kρ) l > 0 Sel(µ, q)/s

′
l → Jl(kρ), l > 1

Feyl(µ, q)/p
′
l → Yl(kρ), l > 0 Geyl(µ, q)/s

′
l → Yl(kρ), l > 1 (89)

whereCel and Feyl are non-periodic Mathieu functions corresponding tocel , and Sel
and Geyl are non-periodic Mathieu functions corresponding tosel , hence the terms
[Jl(kρ) + O(q)][Yl(kρ) + O(q)] are the asymptotic expressions of the corresponding non-
periodic Mathieu functions. Therefore, (88) is in complete agreement with equation (32) of
[1], which is obtained by directly solving the Schrödinger equation. Using the same method
as that used in [1, 2], from (88) we readily obtain the same expression for theAB scattering
cross section as before.

Thus, we derive in a very simple way the wavefunction far from the two magnetic flux
lines by the path integral approach. Splitting the wavefunction into incident plane waves
and the scattered wave, we obtain theAB scattering cross section. Since the obtained
wavefunction is completely the same as that obtained by directly solving the Schrödinger
equation, the obtainedAB scattering cross section is also completely the same as that given
in [1, 2]. Therefore, our calculation undoubtedly shows the correctness of our previous
calculation and once more replies to the criticism about this matter.
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Appendix

We write the terms other thanj = m in (75) as

q0
2 = lim

N→∞

∑
j 6=m

q

4

[(
1

j − 1

)
+1

−
(

1

j + 1

)
−1

]
=

m−1∑
j=1

q

4

[(
1

j − 1

)
+1

−
(

1

j + 1

)
−1

]

+ lim
N→∞

N−1∑
j=m+1

q

4

[(
1

j − 1

)
+1

−
(

1

j + 1

)
−1

]
= q

4

{
1− 1

m− 1
+ 1

m+ 1

}
. (A1)

Now we are going to analyse the contribution ofq0
2 in (74):

I =
∞∑

m=−∞
exp

[
im

(
θ + τ + π

2

)]
q0

2. (A2)

Using (A1) and

∞∑
m=0

eimφ = 1

1− eiφ

−1∑
m=−∞

eimφ = e−iφ

1− e−iφ
(A3)

letting φ = θ + τ + π/2, we can compute (A2) as follows:

I =
∞∑

m=−∞
exp(imφ)

q

4

{
1− 1

m− 1
+ 1

m+ 1

}

= q

4

{ ∞∑
m=0

eimφ +
−1∑

m=−∞
eimφ − eiφ

∞∑
m=−∞

ei(m−1)φ

m− 1
+ e−iφ ei(m+1)φ

m+ 1

}
= q

4

{
1

1− eiφ
+ e−iφ

1− e−iφ
− eiφ

∫ ∞∑
m=−∞

iei(m−1)φ dφ

+e−iφ
∫ ∞∑

m=−∞
iei(m+1)φ dφ = q

4

{
0− eiφ

∫
ieiφ

[
1

1− eiφ
+ e−iφ

1− e−iφ

]
dφ

+e−iφ
∫

ieiφ

[
1

1− eiφ
+ e−iφ

1− e−iφ

]
dφ

}
= 0. (A4)

Hence only the termj = m has a contribution to (74).
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